On projective planes of order 12 which have a subplane of order 3, I  by Janko, Zvonimir & Tran van Trung, 
JOURNAL OF COMBINATORIAL THEORY, Series A 29,254-256 (1980) 
Note 
On Projective Planes of Order 12 
Which Have a Subplane of Order 3, I 
ZVONIMIR JANKO AND TRAN VAN TRUNG 
Mathematisches Institut, University of Heidelberg, 
6900 Heidelberg I, West Germany 
Communicated by Marshall Hall, Jr. 
Received June 8, 1979 
We prove here the following result. 
THEOREM A. Let P be a projective plane of order 12 which has a 
subplane P,, of order 3. If r is any automorphism of order 13 of P,,, then r 
cannot be extended to an automorphism of P. 
Proof. Let P be a projective plane of order 12 which has a subplane PO 
of order 3 and let r be any automorphism of PO of order 13. The points 
I, 2,..., 13 (integers mod 13) of P, can be so denoted that x’ = x + 1 (for all 
points x), i.e., r= (1, 2 ,..., 13). 
We call the points of P,, “original points” or “days” and the lines of P, 
“original lines” or “days out.” Every original line contains (is incident with) 
4 original points and 9 other points in P which we call “new points.” We 
have exactly 13 9 = 117 new points. Hence there remain exactly 27 points 
of P which are not incident with any original line. We call those 27 points 
“school girls” and denote them with co, 0, l,..., 25. Any line of P which con- 
tains at least one school girl is called a “school line.” 
Take an original point x. Through x pass exactly 4 original lines and 9 
other lines. Let m be any fixed line through x which is not an original line. 
There are exactly 9 original lines which do not pass through x and m must 
intersect them in 9 distinct new points. Hence there remain exactly 3 points 
on m which are not incident with any original line. It follows that m contains 
exactly 3 school girls and so in particular m is a school line. The 9 non- 
original lines through x are school lines each containing exactly 3 school 
girls. Therefore these 9 school lines partition the set of 27 school girls into 9 
sets of 3, making in this way a “school parade” of the day x. Conversely, let 
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s be any school line containing a school girl y. The school line s must inter- 
sect any of the 13 original lines. Since s has only 12 points different from y, 
it follows that s must intersect some 2 distinct original Iines in the same 
point which must be an original point z. Hence s is a school line containing 
exactly 3 school girls belonging to the parade of the day z. Finally, if a and 
b are any 2 distinct school girls, then they determine the unique school line t 
passing through a and b. The line t passes through a unique day u and there 
is a unique third girl c on t (different from a and b). We have obtained the 
unique “school block” (a, b, c). Hence the 13 9 = 117 school lines of P 
determine the 117 school blocks which form a Kirkman design K (parade) 
with the 13 days 1, 2 ,..., 13 (see [ 11). 
There remain exactly 27 lines of P which are neither original lines nor 
school lines. We call them “new lines” and every such new line contains ex- 
actly 13 new points. 
Now our automorphism r acts regularly on 13 days 1,2,..., I3 and in. the 
case for which it is extendibie to an automorphism r of P, it maps school 
girls on school girls and school lines on school lines and so r induces an 
automorphism r of order 13 on our Kirkman design K. Exactly one school 
girl is fixed by r and we denote it with co. The other school girls can be so 
denoted that: 
r = (co)(O, 2, 4 ,..., 24)(1, 3,..., 25). 
The Kirkman design K with the automorphism group (r) was determined in 
[ 11. It turns out that there are exactly 661 (up to isomorphism) such designs. 
Since r acts regularly on 13 original lines, so r acts fixed-point-freely on 
I17 new points partitioning them into 9 (r)-orbits. It follows that a0 is the 
unique point in P fured by r, Hence there must exist a unique line n in P 
fixed by Y. Since r maps the 27 new lines on new lines, it follows that n is a 
new line. 
Qur automorphism r permutes (between themselves) the 13 new points of 
n. Let rzlJ be a point on n. Let 2 = 1, be the (unique) original line passing 
through n,,,. We set ni,r = q:r-‘, i = I, 2 ,..., 13, so that (B,,,, ~t~,r,..., M& is 
the set of 13 new points on IZ. We have Q = n n I”-‘, i = 1, 2 ,,.., 13, where 
Ei = I”-‘, i = 1, 2 )...) 13, is our set of 13 original lines. If (x, y, z, v) is the set 
of 4 original points (days) on 1, then (x, y, z, v)‘i-I, i = 1,2 ,..., 13, must be 
identical with one of our lists L,, L,, L, or L, of “four days out,” 
We now connect nlal with 27 school girls. Any such connection c is a 
school line containing therefore exactly 3 school girls. IIence there are 
exactly 9 school lines passing through n,,, each containing a block Bi of 3 
school girls. These 9 school blocks B1,B2,..., B, are obviously pairwise 
disjoint. Let c1 and cz be any 2 distinct school lines through n,,, . Since c, 
and c2 belong (pass through) to unique days x1 and x2, respectively, it 
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follows that x1 # x2. Hence the 9 blocks B,, Bz,..., B, belong to 9 different 
days of our parade which are 
(1, L, 13)\(x, Y, z, V)’ 
Therefore we call the set (x, y, z, v) the “4 days out.” 
We claim that the 9 blocks B, , B, ,..., B, must lie in 9 different +)-orbits. 
Suppose this is false. Then there exist two distinct school lines c, and c2 
through EX~,~ incident with (points of) school blocks B, and B,, respectively, 
so that B, = BF for some i E (1,2,..., 12). But then the school line cf passes 
through the new point IZ~+ ,,r (# nl,i) on n and on the other hand is incident 
with the block B:’ = B,. This means that cc = c, and c, n IZ = n,,, # q+ 1,1, 
which is a contradiction. 
We have proved that our design K contains 9 blocks B,, BZ,..., B, which 
are pairwise disjoint, belong to 9 distinct days of the parade, and also belong 
to 9 different (u)-orbits. In addition, the 4 days out, x, y, z, v, belong to one 
of our 4 “projective” lists Li, i = 1, 2, 3, 4. According to a definition in [ 11, 
K is a “projective diagonal” parade. But there is no such design according to 
Theorem B of [ 11. Our theorem is proved. 
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